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We present a recently developed theory for the inclusive breakup of three-fragment projectiles
within a four-body spectator model [1], for the treatment of the elastic and inclusive non-elastic
break up reactions involving weakly bound three-cluster nuclei in A (a, b)X / a = x1 + x2 + b
collisions. The four-body theory is an extension of the three-body approaches developed in the 80’s
by Ichimura, Autern and Vincent (IAV) [2], Udagawa and Tamura (UT) [3] and Hussein and McVoy
(HM) [4]. We expect that experimentalists shall be encouraged to search for more information
about the x1 + x2 system in the elastic breakup cross section and that also further developments
and extensions of the surrogate method will be pursued, based on the inclusive non-elastic breakup
part of the b spectrum.
I. INTRODUCTION
We report a recently developed theory to treat the
inclusive breakup of three-fragment weakly bound nu-
clei [1]. The natural three fragment candidates for pro-
jectiles are Borromean, two-nucleon and unstable three-
fragment halo nuclei. Our theory is an extension of the
inclusive breakup models used for incomplete fusion re-
actions and in the surrogate method with two fragment
projectiles. The three-body approach was developed in
the 80’s by Ichimura, Autern and Vincent (IAV) [2], Uda-
gawa and Tamura (UT) [3] and Hussein and McVoy (HM)
[4]. These three-body theories were extended to obtain
the fragment yield in the reaction A (a, b)X, where the
projectile is a = x1 + x2 + b. The inclusive breakup
cross section is a sum of the four-body elastic breakup
cross section plus the inclusive non-elastic breakup cross
section that involves the absorption cross sections of the
participant fragments, x1 and x2, and which generalizes
the three-body formula reviewed in Austern, et al. [5].
The connection between IAV, UT and HM theories was
shown in [6].
The new formula contains the four-body dynamics
both in the elastic breakup cross section and in the inclu-
sive non-elastic breakup ones. It can be applied to treat
reactions with stable/unstable projectiles composed of
three-fragments, like weakly bound Borromean and two-
nucleon halo nuclei, where fingerprints of Efimov physics
[7] and universality [8] could be revealed through the ap-
pearance of long-range correlations between the three-
fragments. In addition one can seek the generalization of
the surrogate method applied to reactions like (d,p) and
(d,n) to the reactions (t,d) and (3He,d), among others.
Of particular interest is also the two-fragment correla-
tion contribution to the elastic breakup cross section and
the inclusive non-elastic breakup cross section through a
three-body absorption interaction, which appears natu-
rally in the four-body formulation. One could examine,
for example, the relation between the pairing, in the case
of two-neutron halos, and the three-body formulation of
the projectile and its importance to the reaction mecha-
nism underlying the inclusive breakup cross-sections.
We expect that these developments could stimulate ex-
perimentalists to search for more information about the
x1 + x2 system in the elastic breakup cross section, and
that also further theoretical developments and extensions
of the surrogate method will be pursued, based on the in-
clusive non-elastic breakup part of the b spectrum.
II. INCLUSIVE BREAK-UP THEORY
The many-body Hamiltonian for the b + x1 + x2 + A
system to be applied to derive the scattering dynamics
of the three-fragment projectile is
H(b,x1,x2,A) = Tb + Tx1 + Tx2 + Vb,x1 + Vb,x2 + Vx1,x2
+ hA + TA + Vb,A + Vx1,A + Vx2,A (1)
where the kinetic energies are given by the T ’s and the
microscopic Hamiltonian of the target nucleus is hA. In
the spectator approximation the microscopic potential
Vb,A is associated by standard methods in reaction theory
to the optical potential Ub, and the target is considered
infinitely massive, namely TA = 0.
The inclusive breakup cross-section is an integral over
the spectator fragment position rb and a sum over the
x1 + x2 + A bound and scattering states. This leads to
the b-spectrum and angular distribution
d2σb
dEbdΩb
=
2pi
~v
ρb(Eb)
∑
c
δ(E − Eb − Ec)
×
∣∣∣〈χ(−)b Ψcx1x2A |Vb,x1 + Vb,x2 + Vx1,x2 |Ξ〉∣∣∣2 (2)
where Ξ(rb, rx1 , rx2 , A) is the exact eigenstate of theA+a
many body Hamiltonian. The final state wave function
is χ
(−)
b (kb, rb)Ψ
c
(x1x2A)
, where Ψc(x1x2A) runs over bound
and continuum states. The density of b continuum states
is ρb(Eb) ≡ [dkb/(2pi)3]/[dEbdΩb] = µbkb/[(2pi)3~3], with
µb the reduced mass of the b+A system.
The connection with the four-body (4B) scattering
problem is obtained by eliminating the target internal
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2degrees of freedom, and by using the product approxi-
mation, Ξ = Ψ
4B(+)
0 ΦA, where Ψ
4B(+)
0 is the exact 4B
scattering wave function in the incident channel, and ΦA
is the ground state wave function of the target nucleus.
Together with the 4B approximation, the energy conser-
vation δ in Eq. (2) is associated with the imaginary part
of an optical model Green’s function operator
ImG
(+)
X = −piΩ(−)X δ(Ex −H0) (Ω(−)X )† − (G(+)X )†WX G(+)X
(3)
where the Mo¨ller operator is Ω
(−)
X = [1 + G
(−)
X (VX)
†].
The imaginary part of the optical potential for particles
x1 and x2 contains single fragment terms, Wxi , and a
three-body term. In addition, closure has to be used
to perform the sum over c and general nuclear reaction
theory to transform the microscopic interactions Vx1,A
and Vx2,A into complex optical potentials Ux1 and Ux2
(see e.g. [5]).
A. Inclusive breakup cross-section
Following the above steps, the inclusive breakup cross
section is reduced to a sum of two distinct terms, the
elastic breakup and the non-elastic breakup cross sections
d2σb
dEbdΩb
=
d2σEBb
dEbdΩb
+
d2σINEBb
dEbdΩb
with the 4B elastic breakup cross section contribution
being
d2σEBb
dEbdΩb
=
2pi
~va
ρb(Eb)
∫
dkx1
(2pi)3
dkx2
(2pi)3
× |〈χ3B(−)x1,x2 χ(−)b |Vbx1 + Vbx2 |Ψ4B(+)0 〉|2
× δ(E − Eb − E(kx1 ,kx2 )) (4)
where χ
3B(−)
x1,x2 is the full scattering wave function of the
two unobserved fragments in the final channel.
The inclusive cross-section for the inelastic breakup
contains the optical potentials Ux1 , Ux2 and the
fragment-fragment interaction Vx1,x2 to all orders:
d2σINEBb
dEbdΩb
=
2
~va
ρb(Eb)〈ρˆx1,x2 |Wx1 +Wx2 +W3B |ρˆx1,x2〉
(5)
where the source function
ρˆX(rx1 , rx2) = (χ
(−)
b |Ψ4B(+)0 〉 =
=
∫
drb
[
χ
(−)
b (rb)
]†
Ψ
4B(+)
0 (rb, rx1 , rx2) (6)
carries the full 4B dynamics in the optical model descrip-
tion. The imaginary parts of the optical potentials Ux1
and Ux2 are Wx1 and Wx2 , respectively. Notice the pres-
ence of the imaginary part of a three-body optical poten-
tial (W3B), associated with inelastic excitations that are
irreducible to single fragment inelastic processes. This
will be discussed in more detail in a later sections. We
point out that the 4B inclusive non-elastic breakup cross
section differs significantly from the 3B Austern formula
[5].
The inelastic breakup cross-section is a sum of three
terms,
d2σINEBb
dEbdΩb
= ρb(Eb)
ka
Ea
[
Ex1
kx1
σx1R +
Ex2
kx2
σx2R +
ECM (x1, x2)
(kx1 + kx2)
σ3BR
]
(7)
where the approximation of a weakly bound projec-
tile is used to write the kinetic energy: Exi,Lab =
Ea,Lab(Mxi/Ma) with Ma and Mxi being the mass num-
bers of the projectile and fragment, respectively. The
single fragment inclusive cross-sections are
σx1R =
kx1
Ex1
〈ρˆx1,x2 |Wx1 |ρˆx1,x2〉, σx2R =
kx2
Ex2
〈ρˆx1,x2 |Wx2 |ρˆx1,x2〉,
(8)
and the double fragment inclusive cross-section is
σ3BR =
(kx1 + kx2)
ECM (x1, x2)
〈ρˆx1,x2 |W3B |ρˆx1,x2〉 (9)
which represents the two-fragment irreducible inelastic
processes.
We elaborate here on the physical interpretation of
the different contributions to the inclusive inelastic cross-
section. The absorption of the fragment xi by the target
is given by σxiR (i = 1, 2), in the case in which th other
fragment xj just scatters off the target through the opti-
cal potential UxjA. It is noteworthy to stress that σ
xi
R is
different from the one in the 3B theory of the b− x− A
system. The cross-sections σx1R , σ
x2
R are related to the
three-body IAV cross section through a convolution of the
latter with the distorted wave densities |χ(+)x2 (rx2)|2, and
|χ(+)x1 (rx1)|2 of the spectator fragments x1 and x2, respec-
tively. If an eikonal-type approximation of the projectile
distorted wave χ
(+)
a ×Φa(rb, rx1 , rx2) (a ≡ x1 +x2 + b) is
used in the 4B theory, the difference with the 3B formu-
lation is clearly exposed. Thus, it is expected that the
σx1R in a (t,p) reaction will differ from the σ
x
R extracted in
a (d,p) reaction. Furthermore, at low energies σx1R , σ
x2
R ,
and σ3BR are associated with the formation of compound
nuclei A+ x1, A+ x2 and A+ (x1 + x2).
B. Examples
The first example to which we apply the 4B formula-
tion of the inelastic breakup cross-sections is the case of
the reaction 9Be (= α+α+n) + 208Pb, where 4B-CDCC
(four-body Continuum Discretized Coupled Channels)
calculations were performed by Descouvemont and col-
laborators [9] for the elastic scattering, elastic breakup,
and total fusion cross-sections. However so far, CDCC
cannot obtain the partial or incomplete fusion cross-
sections. Despite this fact, we can point out that com-
pound nuclei formation with α detected, namely α +
208Pb = 210Po, n + 208Pb = 209Pb, and α + n + 208Pb
3= 211Po, would be very interesting to observe, in order
to gather information about the spectrum of α particles
in the analysis of the inclusive cross sections. It would
be interesting to investigate the properties of these com-
pound nuclei experimentally, as they are formed in such
a hybrid reaction.
A second example is a two-neutron Borromean nuclei.
The inclusive α spectrum for the 6He projectile accounts
for the formation of n + A and 2n + A compound nuclei.
However it would be experimentally difficult to distin-
guish these in CN decay.
The third example is a two-proton Borromean nuclei.
Onemight consider the inclusive proton spectra in the
breakup of 20Mg + 208Pb with the formation of 209Bi,
226U and 227Np at different excitation energies. However,
20Mg presents a very short lifetime and low intensity as
a secondary beam.
III. IB CROSS SECTIONS: HM SOURCE
FUNCTION
The source function computed with the Hussein and
McVoy (HM) model [4] can be written as:
〈rx1 , rx2 |ρˆ4BHM 〉 = Sˆb(rx1 , rx2)χ(+)x1 (rx1)χ(+)x2 (rx2) (10)
where the four-body scattering state is approximated by
the product of the distorted waves of the three fragments
and the projectile bound state wave function. The inter-
nal motion modifies the S-matrix of the b fragment as
Sˆb(rx1 , rx2) ≡
∫
drbΦa(rx1 , rx2 , rb)〈χ(−)b |χ(+)b 〉(rb) ,
(11)
which should be compared to the 3B S-matrix element of
b given by Sk′b,kb =
∫
drb〈χ(−)b |χ(+)b 〉(rb). In this approx-
imation the inclusive cross-section in the 4B theory with
a = x1 + x2 + b is
Ex1
kx1
σx1R =
∫
drx1
∫
drx2 |Sˆb(rx1 , rx2)|2
× |χ(+)x2 (rx2)|2W (rx1)|χ(+)x1 (rx1)|2 , (12)
which should be contrasted with the cross-section in the
3B theory (a = x+ b)
Ex
kx
σxR =
∫
drx|Sˆb(rx)|2W (rx)|χ(+)x (rx)|2 , (13)
where Sˆb(rx) ≡
∫
drb〈χ(−)b |χ(+)b 〉(rb)Φa(rb, rx). Compar-
ing the cross-sections in Eqs. (12) and (13), one singles
out the distorted wave |χ(+)x2 (rx2)|2 , which damps the 4B
cross-section with respect to the 3B one.
IV. HM AND 3B GLAUBER THEORY
We begin with the Glauber phase [10]
[ψ
(−)
~p′
b
(
~r′b
)
]?ψ
(+)
~pb
(~rb) = exp
[
−i m
~p′b
∫ z′b
−∞
dz′V
(√
b′2b + z′2
)
−i m
~pb
∫ ∞
zb
dz′V
(√
b2b + z
′2
)
− ı ~q · ~rb
]
, (14)
where ~~q = ~p ′b−~pb, and ~pb (~p ′b) is the incoming (outgoing)
momentum of the spectator. We take the initial value of
the momentum to be ~pb = pbkˆ and the final value to be
~p ′b = p
′
b sin θ iˆ + p
′
b cos θ kˆ. The coordinates (b
′
b, z
′
b) can
be written in terms of the coordinates (bb, zb) as
b′b = bb cos θ − zb sin θ (15)
z′b = bb sin θ + zb cos θ . (16)
Figure 1 illustrates the coordinates (bb, zb) and (b
′
b, z
′
b).
  
FIG. 1. Appropriate kinematics and definitions of refer-
ence frame to compute the Glauber formula for the spectator
distorted waves.
In order to get insight into the structure of the source
function, we approximate the potential by a square well
V (r) = (V0 − ıW0) Θ (R− r) . (17)
The spectator distorted density then becomes
[ψ
(−)
~p′
b
(
~r′b
)
]?ψ
(+)
~pb
(~rb) = exp
[
−im
~2
(V0 + iW0)
×
(
1
p′b
(√
R2 − b′2b − z′b
)
+
1
pb
(
zb +
√
R2 − b2b
))
− ı ~q · ~rb
]
(18)
for bb < R and exp[−ı ~q · ~rb] for bb ≥ R.
The formula simplifies for the case of strong absorp-
tion, where the spectator distorted wave density becomes
[ψ
(−)
~p′b
(
~r′b
)
]?ψ
(+)
~pb
(~rb) = Θ (bb −R) Θ (b′b −R) e−ı ~q·~rb .
(19)
4Standard eikonal calculations ignore the difference
(bb, zb) 6= (b′b, z′b), inwhich case the distorted wave den-
sity can be simply written as
[ψ
(−)
~p′b
(
~r′b
)
]?ψ
(+)
~pb
(~rb) = Θ (bb −R) e−ı ~q·~rb (20)
The internal motion modified S-matrix of the b frag-
ment within the approximations above is given by
Sˆb(rx1 , rx2) =
∫
drbΦa(rx1 , rx2 , rb)Θ (bb −R) e−ı ~q·~rb
(21)
which produces a long range correlation between the frag-
ments x1 and x2 for weakly bound projectiles, due to the
long tail of the wave function penetrating in the classi-
cally forbidden region. This give us a taste of the possible
ro¨le of Efimov physics, for example when the projectile is
a two-neutron halo s-wave state such as 11Li, in creating
a long range correlation between the two neutrons. The
actual set of coordinates to compute (21) can be visual-
ized in Fig. 2.
  
rb b
brx2
R
rx1
FIG. 2. Definition of the coordinates of the fragments in
configuration space. The target is represented by the largest
circle, the unobserved fragments x1 and x2 are represented
by the smallest circles, and the remaining circle represents
the detected particle b.
Figure 2 also supplies a glimpse of the effect of an ex-
tended weakly bound system on the correlation between
the two fragments x1 and x2. The formula (21) restricts
b to be outside the target absorptive region. However
the tail of the projectile wave function can provide a long
range correlation between the two fragments and the tar-
get.
It is instructive to calculate Sˆb(rx1 , rx2) in the case
of two-fragment projectiles, such as the deuteron in the
(d, p) reaction. Here b = p and x = n, and we obtain,
within the same strong absorption (black disk) eikonal
approximation,
Sˆp(rn) =
∫
drpΦd(rn, rp)Θ (bp −R) e−ı ~q·~rp (22)
which corresponds to an incomplete Fourier transform
involving rp and q.
In the high energy regime, the cross section can be
represented as an integral over impact parameter. Since
Eq. (13),
Ex
kx
σxR =
∫
drx|Sˆb(rx)|2
[
W (rx)|χ(+)x (rx)|2
]
, (23)
contains the integrand of a b-integral of the reaction cross
section of x, [W (rx)|χ(+)x (rx)|2], which can be replaced
by [1−|Sx(bx)|2], and the factor |Sˆb(rx)|2 is basically the
survival probability of the observed fragment, b, one can
write, after rearranging terms,
σxR = 2pi
∫
db〈Φa||Sb(b)|2
[
1− |Sx(b)|2
]
Φa〉 (24)
One can say that the above equation is the high energy
eikonal limit of IAV or the HM formulae. At high en-
ergy, the source function Eq.(34) for two-fragment pro-
jectiles reduces to ρˆIAVx = ρˆ
HM
x = (χ
(−)
b |χ(+)b χ(+)x Φa〉 =
〈χ(−)b |χ(+)b 〉|χ(+)x Φa〉. When used in the expression for
the cross section Eq. (13) or in its original form,
d2σINEBb
dEbdΩb
=
2
~va
ρb(Eb)〈ρˆHMx |Wx|ρˆHMx 〉 , (25)
it is a simple exercise to reduce the expression to the
Glauber cross section above. The above form of the cross
section has been extensively used by [11, 12] to calculate
one nucleon stripping and pickup reactions. These au-
thors, take Rˆ1 = |Sˆb(rx)|2
[
W (rx)|χ(+)x (rx)|2
]
as an op-
erator and calculate the expectation value in the state
from which the nucleon is removed or added, 〈Φi|Rˆ1|Φi〉.
This is then used to represent the cross section in a par-
ticularly transparent form. The partial cross section for
removal of a nucleon, from a single-particle configuration
jpi populating the residue final state α with excitation
energy E?α, is calculated as
σα =
(
A
A− 1
)N
C2S(α, jpi)〈Φjpi |Rˆ1|Φjpi 〉 (26)
where S?α = Sn,p + E
?
α is the effective separation en-
ergy for the final state α and Sn,p is the ground-state
to ground-state nucleon separation energy. Here the fac-
tor N , in the A-dependent center-of-mass correction fac-
tor that multi- plies the shell-model spectroscopic factors
C2S(α, jpi), is the number of oscillator quanta associated
with the major shell of the removed particle [11]. The
cross section for the removal of a nucleon from the jpi
single particle shell is then the sum over all bound final
states, α of the residual nucleus A− 1
Here, the radioactive projectile is now denoted by A.
In this manner, useful nuclear structure information con-
tained in the spectroscopic factor of the fragment in
the projectile A, C2S(α, jpi), can be extracted. Fur-
ther, within the four-body theory, the practitioners of
the eikonal theory extend their application to two nu-
cleon removal or pickup. They use the following form of
the reaction factor 〈Φi|Rˆ2|Φi〉 = 〈Φi||Sb|2|(1−|Sx1 |2)(1−
5|Sx2 |2)|Φi〉. This formula should come out from σ3BR of
Eq. (9) of our theory in the high energy limit. However,
there are several shortcomings in the above model, as
there is no reference to the individual absorptions of x1
and x2. Further, the model above misses the correlation
between the two interacting fragments. Currently we are
investigating this point.
V. DOUBLE FRAGMENT INELASTIC
PROCESSES
The inclusive cross-section expressed by σ3BR given by
Eq. (9) is new and corresponds to genuine three-body
absorption processes to inelastic channels. This part of
the cross-section is associated with a three-body optical
potential U3B depending on the relative coordinates of
the fragments x1, x2 and the target, and cannot be re-
duced to connected terms of the 3B transition matrix
with two-body potentials in different subsystems and the
target in the ground state.
FIG. 3. Three-body optical potential U3B . Excitation of the
target by particle x1 and de-excitation by x2.
The structure of W3B = Im[U3B ] results from con-
ventional nuclear reaction theory. It includes, for exam-
ple, processes like the virtual excitation of the target by
one of the fragments and its virtual de-excitation by the
other, as well as other 3B processes irreducible to the re-
scattering terms with the target in the ground state and
with the final result being the full capture, or complete
fusion, of both fragments. This is illustrated schemati-
cally in figure 3. If a resonant process exists, such as the
excitation of giant pairing vibrations from the transfer
of two neutrons from the projectile, it should furnish a
large contribution to the optical three-body potential at
the resonance energy.
A. Hint on the 3B optical potential U3B
The schematic figure 3 furnishes a path to formally
build the the three-body optical potential by using pro-
jection operators out of the target ground state,
U3B = PVx1AQ(QGxA(Ex)Q)QVx2AP
+ PVx2AQ(QGxA(Ex)Q)QVx1AP , (27)
where Ex = Ex1 + Ex2 and the Q-projected 3B Green’s
function of the x1 + x2 +A system is
QGxAQ = [Ex −QH0Q+QVxA P G0P VxAQ+ iε]−1
(28)
with VxA ≡ Vx1A + Vx2A. The imaginary part of the Q-
projected Green’s function of the x1x2A ≡ xA system
includes the virtual propagation n all states except for
the elastic channel,
Im[QGxAQ] = −piΩ(−)Q Qδ(Ex −H0)Q(Ω(−)Q )†
+ (QGxAQ)
†QVxA Pδ(Ex −H0)P VxAQGxAQ (29)
Then, again using standard techniques, the imaginary
part of U3B can be isolated in (27) and can be written as
W3B = U
†
3B − U3B =
= pi[PVx1AQΩ
(−)
Q Qδ(Ex −H0)Q(Ω(−)Q )†QVx2AP
+ PVx1AQ(QGxAQ)
†QVxA P δ(Ex −H0)P
× P VxAQ(QGxAQ)QVxAP ] + (x1 ↔ x2) (30)
where one can identify the virtual propagation of the
x1x2A system through the inelastic channels in the Q-
space.
VI. BEYOND HM, UT, AND IAV FORMULAS
The key points for going beyond the IAV formula for
the inclusive inelastic cross-section are to include in the
source term the full four-body dynamics and the three-
body optical potential, by computing |Ψ4B(+)0 〉 without
approximating the four-body problem. For the time be-
ing we will be content to generalize the three-body IAV
formula to the four-body case and present the CFH for-
mula given in [1].
The generalization given by CFH of the IAV formula
to determine the inclusive cross-section observed by the
detection of the spectator particle b, contains HM and
UT like terms. The steps to derive a 4B version of the
IAV formula follow [6] and we write
|Ψ4B(+)0 〉 = G(+)b,x1,x2,AVx|Ψ
4B(+)
0 〉 ≈ G(+)b,x1,x2,A Vx |χ
(+)
a , Φa〉
(31)
where Vx = Vb x1 + Vb x2 is the interaction between the
detected fragment and the other two, |Φa〉 the projectile
internal wave function and χ
(+)
a the distorted wave of the
center of mass. The four body Green’s function is
G
(+)
b,x1,x2,A
= [E−Tb−Tx1−Tx2−Vx1,x2−Ub−Ux1−Ux2+iε]−1.
(32)
6where we have not explicitly included U3B , which should
also contribute to the Green’s function.
The generalization of the IAV three-body source func-
tion for the four-body case is:
ρˆCFHx1,x2 = (χ
(−)
b |Ψ4B(+)0 〉 = 〈χ(−)b |G(+)b,x1,x2,A Vx |χ(+)a Φa〉
(33)
By manipulating the above formula in analogy to the de-
velopment provided in Ref. [6], one gets the 4B extension
of the 3B Ichimura-Austern-Vincent as
ρˆCFHx1,x2 = ρˆ
UT
x1,x2 + ρˆ
HM
x1,x2 (34)
where the 4B Hussein-McVoy (HM) term is
ρˆHMx1,x2 = 〈χ(−)b |χ(+)a Φa〉 (35)
and the 4B Udagawa-Tamura (UT) term is
ρˆUTx1,x2 ≡ G(+)x1,x2,A〈χ
(−)
b | [Ub + Ux1 + Ux2 − Ua] |χ(+)a Φa〉 .
(36)
The Green’s function
G
(+)
x1,x2,A
= [E−Eb−Tx1−Tx2−Vx1,x2−Ux1−Ux2 +iε]−1
(37)
should also contain in principle the three-body optical
potential. Further studies of this particular point will be
developed.
VII. INCLUSIVE BREAKUP AND EFIMOV
PHYSICS
The inclusive cross-section formulae for the elastic
breakup (4) and for the inelastic process (5) applied to
a three-body halo nuclei, e.g., a weakly bound neutron-
neutron-core nuclei close to the drip-line, contains a long-
range correlation between the two neutrons and the core
b, through the extended wave function of the halo and
the scattering wave χ
(+)
x1 (rx1)χ
(+)
x2 (rx2)χ
(+)
xb (rxb), which
appears both in (4) and in the source function in (5),
when such an approximation is made.
However, we expect that interesting physics remains
beyond such an approximation if the 4B scattering wave
function, Ψ
4B(+)
0 (rb, rx1 , rx2) is taken in full. It should
contain dynamics of the continuum of the neutron-
neutron-core system beyond the bound halo state. The
reaction mechanism now includes Efimov physics [7] and
with that the long range correlation between the halo
fragments, which could be influenced by the presence of
Efimov bound, virtual or resonant states [8] (see also
[13] for a discussion of observing Efimov states in halo
reactions). Indeed, the existence of Borromean Efimov
states was observed about a decade ago [14] in the reso-
nant three-body recombination of cold cesium atoms in
magneto-optical traps.
VIII. DIGRESSION ON TWO-FRAGMENT
PROJECTILE INCLUSIVE BREAKUP CROSS
SECTION
It is important to remind the reader of the advances
made in the application of the inclusive breakup theory
of two-fragment projectiles, as was originally developed
in [2–5]. Quite recently this theory was applied to the
(d,p) reaction [19–21, 23] as a mean to test the validity
of the Surrogate Method [24–26], employed to extract
neutron capture and fission cross sections of actinide
target nuclei, such as 238U, 232Th, of importance for the
development of next generation fast breeder reactors.
These neutron capture reactions on other targets are also
important for the study of element formation following
supernova explosion through the astrophysical s-process.
The general conclusion of [19–21, 23] was that the
Surrogate Method, the extraction of the cross section
for the formation and decay of the compound nucleus
of the (n + A) subsystem, as well as the total capture
cross section (the cross section for the formation of the
compound nucleus), is justified as long as the direct
part of the cross section is calculated and subtracted
from the inclusive breakup total reaction cross section
σ
(n+A)
R . Another topic of importance is the Trojan
Horse Method [27–30] used to extract from the inclusive
breakup data a direct reaction of interest to nuclear
astrophysics following nova explosion, which otherwise
would be difficult to measure in the laboratory. The
THM uses the advantage that as the surrogate charged
fragment x is brought by the primary projectile to the
region of the target, the Coulomb barrier is already
surmounted, and accordingly no hinderance due to
barrier penetration and tunneling is present in the x
induced reaction. Accoringly, the x-induced reaction
proceeds above the Coulomb barrier. Being so, the
electron screening problem is also avoided.
The two methods, SM, and THM, are two pieces of the
same quantity, namely σ
(x+A)
R in the breakup reaction,
a + A → b + (x + A). Thus the THM can be easily
justified within the theory alluded to above as being a
process contributing to the direct part of σ
(x+A)
R . As a
final remark, if the surrogate fragment x is a neutron
then the SM and the THM are the same!
It would certainly be important to extend these studies
to the case of the three-fragment projectiles discussed in
this contribution. In particular, it would be particularly
interesting to extend the THM to cases involving three-
fragment projectiles, where three types of reactions can
be extracted, x1 +A→ y1 +B1, x2 +A→ y2 +B2, and
x1 + x2 + A → y3 + B3. Work along these lines is in
progress.
7IX. CONCLUSIONS AND PERSPECTIVES
We have reported in this contribution that the general
structure of the CFH cross section in the DWBA limit is
similar in structure to the 3B one , with the full post form
(or four-body IAV), which can be written as the sum of
the prior four-body UT cross section plus the four-body
HM one plus an interference term when the 4B source
term detailed in Eq. (33) is used to compute the inelastic
part of the inclusive cross-section. The major difference
between the 4B and 3B cases resides in the structure
of the reaction cross sections for the absorption of one of
the interacting fragments, which we find to be damped by
the absorption effect of the other fragment. It is expected
that in a (t,p) reaction, an absorption cross section of the
n+A subsystem would be smaller than the corresponding
one in a (d,p) reaction. Another important new feature
is the 3B absorption from a three-body optical potential,
the formal structure of which we have sketched.
The perspectives of our study are in the use of the
Faddeev-Yakubovski equations [15, 16] to develop an ex-
pansion of the four-body wave function, to attempt to
go beyond the CFH/IAV formulas. This effort could also
be accomplished by building the four-body CDCC wave
function to compute the source term. In addition, we can
ask about the dynamics that are built in the three-body
optical potential when giant pairing vibrations (GPV)
are possible [17, 18]. These collective states involve the
coherent excitation of particle-particle pairs, in complete
analogy to the coherent excitation of particle-hole pairs
that constitutes the microscopic foundation of multipole
giant resonances. For example, the GPV opens interest-
ing prospects for nuclear structure studies in reactions
of the type (t, p), 2n Borromean cases such as (6He,
4He), (11Li, 9Li), (14Be, 12Be), (22C, 20C), and the 2p
halo cases, (17Ne, 15O), and (20Mg, 18Ne). The theory
we have developed is an appropriate framework to study
these types of collective nuclear excitations, associated
with pairing correlations in the target.
From the point of view of a two-neutron s-wave domi-
nated halo target our theory naturally leads to an inquiry
about the ro¨le of Efimov physics in inclusive breakup
cross-section, both in the elastic and inelastic contribu-
tions, which should have its place beyond the CFH for-
mula.
Further, the theory can be extended to allow for
inclusive reactions where two or more fragments are
detected. We expect that the developments discussed
in our recent work should stimulate experimental and
theoretical works to seek more information about the
x1 + x2 system in the elastic and inelastic breakup cross
sections, and in particular to theorists to extend the
Surrogate Method and the Trojan Horse Method, both
based on the inclusive non-elastic breakup part of the b
spectrum in a two-fragment projectile induced reaction,
to three-fragment projectiles.
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